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Exploring N=l SYM(2+1): the Stress-Tensor Correlator 
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The evaluation of field theoretic correlators at strong couplings is especially interesting in the light of recently 
discovered string/field theory correspondences. We present a calculation of the stress-tensor correlator in A/" = 1 
SYM theory in 2+1 dimensions. We calculate this object numerically with the method of supersymmetric discrete 
light-cone quantization (SDLCQ) at large N^. For small distances we reproduce the conformal field theory result 
with the correlator behaving like 1/r®. In the large r limit the correlator is determined by the (massless) BPS 
states of the theory. We find a critical value of the coupling where the correlator goes to zero in this limit. This 
critical coupling is shown to grow linearly with the square root of the transverse momentum resolution. 



1. Introduction 

In the present note we will report on the evalu- 
ation of the correlator of the stress-energy ten- 
sor in three-dimensional M = 1 supersymmet- 
ric Yang-Mills theory (SYM(2-M)). Correlation 
functions play a crucial role in string/field the- 
ory correspondences, because they can typically 
be calculated both on the string and on the field 
theory side. The crucial difficulty is that due to 
the nature of the correspondence, the correlator 
has to be evaluated in the strong coupling regime 
on one of the sides. In the past, we have used 
the non-perturbative method of supersymmetric 
discrete light-cone quantization (SDLCQ) to eval- 
uate correlators at strong couplings, with encour- 
aging results for the validity of the conjectured 
correspondence ||l|. 

While TV = 1 SYM(2+1) is interesting by itself 
for a number of reasons, it is the version of this 
theory with extended Af = 8 supersymmetry that 
corresponds to a string theory of D2 branes 
We have learned from past calculations that the 
number of supersymmetry operators greatly en- 
hances the size of the numerical calculations. As 
a first step towards the full Af = 8 calculations 
we tackle Af = 1 SYM(2-hl) here. 

Contrary to the mass spectrum, correlators use 
all spectral information, namely energy eigenval- 
ues and the eigenfunctions, and can thus be used 



to test wavef unctions. In the present case, this 
is especially useful in order to examine the BPS 
states of the theory. These states are annihilated 
by one of the supercharges, and their masses are 
protected by their symmetry properties, whereas 
their wavefunctions could change as a function of 
the coupling. This is what we seem to find in the 
present study. 

From conformal field theory it is known that 
the behavior of the correlator as a function of the 
distance r between the operators should be like 
for small distances. On the other hand, the 
contributions of bound states will have a charac- 
teristic length scale associated with their size and 
one would therefore expect a 1/r^ behavior at 
small r. The different contributions have thus to 
work in concert to give the correct behavior. 
We will reproduce this behavior both analytically 
by calculating the free particle correlator and nu- 
merically by evaluating the correlator in the inter- 
acting theory. At large distances we find a criti- 
cal coupling where the correlator goes to zero. In 
general we find a good convergence in both the 
longitudinal and the transverse cutoffs, which is 
non-trivial since we are dealing here with a three- 
dimensional theory, whereas most of our previous 
studies were in 1-1-1 dimensions. From conformal 
field theory calculations one knows that the cor- 
relators are simpler in coUinear limit xj_ — s- 0, and 
we will work in this limit. 



*Work done in collaboration with S. Pinsky and J. Hiller 
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2. SDLCQ of N=l SYM(2+1) 

Discretized light-cone quantization (DLCQ) 
can be formulated in a way that preserves super- 
symmetry at each step of calculation Q . Namely, 
one discretizes the supercharge Q~ rather than 
the Hamiltonian . This special approach is 
called supersymmetric DLCQ, or SDLCQ. One 
uses light-cone coordinates 
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where X+ plays the role of a time. The total 
longitudinal momentum is denoted by P~ is 
the light-cone energy, and the total transverse 
momentum. 

Let us now focus on TV = 1 SYM(2+1). The 
action is 

S = Jd^^J^ dx^tri-^F'^'^F^.+i^-f^'Df,^). 

We decompose the spinor ^' in terms of its pro- 
jections, (V'jX); ^^'^ use the light-cone gauge, 
yl+ = 0. The advantage of this physical gauge 
is that we can express everything in terms of 
the physical degrees of freedom, which arc in the 
present example the fields ip and (p = A^. The 
light-cone supercharge is a two-component Majo- 
rana spinor, and is decomposed into the projec- 
tions 

r' 

dx I da:_Ltr [(f)d-il) — 'ipd-cj)] , 
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= 2^/4 / dx 



(1) 



One can explicitly check that the supersymmetry 
algebra is fulfilled 

{g±,Q±} = 2V2F±, {Q+,Q-} = -4Fi. (2) 

In DLCQ one discretizes the theory by compact- 
ifying x~ on circle of period 2L = 2ttK/P^, with 
the harmonic resolution K, which is a cutoff in 
particle number. In the transverse direction, one 
compactifies x'^ on circle of period I, with a trans- 
verse cutoff ±.2'kT/1. The periodic boundary con- 
dition for the fields dictated by the supersymmet- 
ric formulation. The momentum modes become 



discrete and we can use the standard Fourier ex- 
pansion for the fields </> and V'- With the usual 
commutation relations the supercharges become 



i2V^ ^ 



-a\Ak,n^)b,j{k,n^) 



dk, 
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The exact expressions for Q12 are listed in 
Ref. Q|. Here it suffices to note that Q~ is 
linear in the coupling gyu- We want to cal- 
culate the spectrum of the theory on the com- 
puter, and need therefore finite dimensional rep- 
resentations of these operators. They are ob- 
tained by applying a truncation procedure, which 
defines the (finite) Fock basis. The longitudi- 
nal momentum of a particle can take the val- 
ues Hi — 0,1,2..., K , and the transverse compo- 
nents are = 0, ±1, ±2, ±T. This symmet- 
ric truncation ensures the conservation of trans- 
verse parity symmetry, which leads to exactly de- 
generate doublets. The other symmetry of the 
theory is the so-called S-Symmetry, which is non- 
degenerate and is related to the orientation of the 
string of partons in the Fock state; it results in a 
sign change when the color indices of an operator 
are flipped. Additionally we have supersymme- 
try, so we get a total factor of 8 savings in linear 
matrix size and the density of eigenstates will be 
much smaller, which allows for a better interpre- 
tation of results. 

The program is then to construct the super- 
charge Q~ , apply Eq. (||) to calculate the Hamil- 
tonian P~ by squaring Q'^ , and to diagonalize P~ 
to obtain eigenvalues and -functions. These data 
go into the calculation of the correlator, which we 
describe in the next section. We retrieve the con- 
tinuum results by solving the system for lager and 
larger K, reaching the continuum limit K 00 
eventually by extrapolation. 

3. Correlation functions 

The general expression for a correlator in light- 
cone formulation is 

F{x+,x-,x^) = 
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(0|T++(x+,x-,x^)r++ (0,0,0)10). (3) 

Inspired by the simpler structure of correlators 
in the coUinear limit ^ in conformal field 
theory, we apply the same limit here. We can 
evaluate the expression, Eq. (||), by inserting a 
complete set \a) with energy eigenvalues 

F{x^,x^,x^ = 0) = 

^(0|T++(a;-,0,a;-L = 0)|a) 



(a|T++(0,0,0)|0). 



The momentum operator is 



T++{x) 



tr 
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n+{x)+T++{x). 



Its boson and fermion contributions expressed in 
mode operators are 



B (","l)|0) = 



-a\An)aUm)\Q) 



■-T++{n,m)\0) - ^" ^'^'^ h\An)hUmm 



(4) 
(5) 



The important thing to notice here is that only 
the two-particle states contribute to these opera- 
tors. 

3.1. Free case 

It is instructive to consider the free case, be- 
cause we know from conformal field theory that 
we should obtain a l/r^ behavior. The eigen- 
functions |a) are now a set of free particles with 
mass m. The four independent sums over quan- 
tum numbers are converted to integrals by 
1 1 /■ „ , 1 ^ 1 



L ^ 



dk and 



2tt 



dk±. 



The evaluation of the bosonic contribution, 
Eq. (§, yields 
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F{x+,x-,0)b = 



2(27r)3 



— ) -K5/2{mx), 



X 



where = 2x~x'^ . Analogously we can evaluate 
the fermion contribution, Eq. (||), and get 
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F{x+,x-,0)i 



4(27r) 



1 

X 



K7/2{mx)K3/2{mx) - Kl^^i"^^) 



(6) 









Figure 1 . The log- log plot of the correlation func- 

tion / ^ r5(T++(x)r++(0)) (|^)' vs. r 

(a) for 5=0.10 at K=A [top]; (b) for .g=l at if = 5 
[bottom] . The transverse cutoff runs from T = 1 
to 9. 



We continue to Euclidean space by taking r = 
\/2x+x^ to be real. In the small-r limit we re- 
cover the behavior 



- F{x+,x-,Q) 



-3« 1 



8(27r) 
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expected from conformal field theory. 

3.2. Full bound-state correlator 

In the full calculation we use the bound-state 
solutions obtained from SDLCQ and insert them 
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into the expression for the correlator. It is useful 
to write 



x(0|-T++(n,m)e" 

TT 



E 



n,m.s,t 



2Ln 



L 



:T++(s,t)|0) 



and to use the notation 



iV,, TT — ' 



with a normalization factor iVu. We insert the 
complete set of bound-states \a) with masses Ala- 
After some algebra to separate the dependencies 
on the different length scales in the problem we 
obtain 



F(x+,x-,0) = — > 

^ ' ' ' 2tt ^ 2LI \ L 



(7) 



xe 



\{u\aW 



lK^\Nu\ 



Evaluation of sums over K and N± as integrals 
yields finally 



X 

I \x^ 



F{x+,x-,0) 



(8) 



Kgf2{Mar) 



\{u\a)\' 



The term in square brackets is basically the over- 
lap of the bound state \a) with the vector \u) cx 
T++|0). It is calculated numerically and multi- 
plied by some function of the distance r involving 
the Bessel function Kg/2. It is clear from Eq. (^) 
that we need both the eigenfunctions |a) and the 
mass eigenvalues to evaluate this expression. 

For free particles we have two independent 
sums over the transverse momenta, and would 
therefore expect that the transverse dimension be 
controlled by the dimensional scale of the bound 
state Rb- Hence, the correlation function should 
scale like \/r^R%. Because of transverse boost 
invariance, however, the matrix element are inde- 
pendent of the difference of transverse momenta, 
and scales like l/r^Rs- 
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Figure 2. The large-r limit of / = 
r5(r++(x)T++(0)) (^^yi^^^ vs. g for (a) 
if = 5 [top]; {h) K ^6 [bottom]. 



4. Numerical Results 

At small distances r, we expect the correlator 
to behave like because at large energies the 

bound states will look like free particles. Eq. (^) 
on the other hand tells us that each individual 
bound state behaves like l/r^. We have to have 
a coherent behavior of all states to get the 
behavior, and this is a non-trivial check of our 
results. Looking at Fig. |l|, we observe exactly 
this behavior. The constant behavior of the 
curves at very small distances is caused by numer- 
ical artifacts, basically because the largest possi- 
ble mass in the system is regulated by the trans- 
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verse cutoff and is not infinite. The slope of minus 
unity around r = gives rise to the correct 
behavior. It consistently sets in at smaller r for 
larger cutoffs K and T. 

At large r the correlator is totally determined 
by the massless states. Actually, there are two 
types of massless states. The massless states at 
g — are reflections of all the states of the di- 
mensionally reduced theory in 1 + 1 |^ 0| . They 
behave as g^Ml_^_l, and for f/ ~ there should be 
no dependence of the correlator on the transverse 
momentum cutoff T at large r. This is exactly 
what we find in our calculations, see Fig.|. Sec- 
ondly, we have states that are exactly massless for 
all g, which are the BPS states. They are actu- 
ally massless at all resolutions, but have a compli- 
cated dependence on the coupling g through their 
wavefunctions. In this way the correlator gives us 
information on wavefunctions of the BPS states. 

Surprisingly, we also find a coupling depen- 
dence of the large-r limit of the correlator, see 
Fig. |[ Correlator does not change monotonically 
with g, but has singularity at a 'critical' coupling 
which is a function of K and T. If we plot the 
'critical' couplings vs. VT in Fig. H, we find that 
the coupling is a linear function of Vt at X = 5 
and 6. So we would conclude that 'critical' cou- 
pling goes to infinity in the transverse continuum 
limit. 
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Figure 3. Critical coupling gait versus VT for 
(a) X = 5 and (b) K = 6. 



Unfortunately, we see no region dominated by 
massive bound states, where r is large enough 
to see structure of the bound states but small 
enough that the correlator is not dominated by 
massless states. 



5. Conclusions 

We presented the first calculation of the corre- 
lator of the stress-energy tensor from first princi- 
ples in three-dimensional Af = 1 SYM. We recov- 
ered the 1/r^ behavior of the free particle correla- 
tor, also known from conformal field theory. The 
individual 1 /r^ behaviors of the bound states add 
up to give this result which is a non-trivial test 
of our results. At large r we found that the BPS 
states depend on the coupling through their wave- 
functions, altough their masses stay fixed due to 
their symmetry properties. We found a vanishing 
correlator at some 'critical' coupling gcrit oc VT, 
which seems to be a numerical artifact of the dis- 
crete approach. Some remarks on the computer 
code seem in order. The present code handles two 
million Fock states, and uses all known symme- 
tries in the problem(SUSY, parity, S-symmetry), 
which in turn gives a factor eight of reduction in 
the matrix size to be diagonalized. Calculations 
in 3-1-1 dimensions seem therefore not completely 
out of reach. Another challenge is the evalua- 
tion of the correlator in the Af = (8,8) version of 
SYM(2-f 1). This theory is conjectured to corre- 
spond to a string theory of D2-branes. We hope 
to report on progress in this direction soon, which 
would establish a further test of a version of the 
Maldacena conjecture. 
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